Abstract-This paper presents a finite difference method for the design of gradient coil in MRI. In this method, a linear matrix equation is formulated using a finite-difference approximation of the current density in the source domain and an optimization procedure is then carried out to solve the resulting inverse problem and the coil winding pattern are found. The developed algorithm is tested with a transverse biplanar gradient coil design example. Compared with conventional design methods such as target-field, standard stream function or boundary element schemes, the new design approach is relatively easy to implement and flexible to manage the local winding pattern for 2D or 3D geometries.
INTRODUCTION
Magnetic resonance imaging (MRI) has become one of the most important imaging modalities in medical field and many other research or application domains. The gradient coils play an important role in MRI. In the past decades, researchers have continuously developed strategies for the design/improvement of gradient coil technology [1] . However, a number of unsolved engineering problems still exist and the increasing application demands of MRI require further development of the gradient coil technology.
In general, there are two types of techniques for gradient coil design, one is a discrete wire-space based algorithm [2] [3] [4] like the simulated annealing (SA) approach [5] , and the other is the continuous current density-space based scheme such as the target field (TF) and related methods [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Both of these techniques have their advantages and disadvantages. The wirespace method is straightforward for implementation but generally time-consuming; the current density based method needs a discretization process for the approximation of the current density solution using wires, however, this approach is usually efficient and effective for both regular and irregular geometries. For the regular shaped structure, the current density can be described with Fourier expansions; for the irregular shaped structure, the coil space is divided into meshes and then finite element or boundary element methods are used to approximate current density distributions over the coil space.
The well-known stream function method is typically used to map the current density into wires.
In this work, a new stream function based finite difference method is proposed for the design of biplanar transverse gradient coil. The beauty of the algorithm is that the continuous current density is simply approximated with finite difference method, and the resultant linear system equation can then be handled by a regularization scheme. In addition, for the design of practical coil patterns with engineering-acceptable wire spacing, a function modulation post-process is proposed to improve the design solution. The proposed method is tested with a design example.
II. METHOD
The geometrical configuration of the biplanar gradient coil set is shown in Fig.1 . Here we consider the design of gradient- 
A. Governing Equations
Based on the Biot-Savart law, the current density in the coil surface produces the following magnetic flux density
where ( ) J r′ is the surface current density at the source point ( , , ) r x y z ′ ′ ′ ′ , ( , , ) r x y z is the field point, s′ denotes the surface current density area.
At the source point r′ , the current density vector may expressed in the polar coordinate as 
The current density J can also be written with a stream function Ψ [17] . z J e = ∇ × Ψ 
If the coil space is meshed with finite-difference (uniform) gird in the cylindrical coordinate system (see Fig. 2 ), then one can approximate the current density components as follows
With the consideration of the geometric symmetry of the system, one quarter section can only be explicitly treated (see Fig.2 , z a = , 0 x ≥ area). In terms of field sampling in the DSV region (see Fig.2 ), a number of field points k p are selected for the gradient field calculation With shielding or other considerations, suppose the total constraint number of U and total source nodes of V, we can obtain the following linear system equations 11 12
The above equation is a typical inverse problem. As the system matrix is ill-posed and hence we use Tikhonov regularization [18] to find an approximated solution. Once the stream function distribution obtained, the coil winding pattern can then be determined with the following scheme [17] .
B. Function Modulation for the determination of the coil winding pattern
In general, the regularized solution is easy to satisfy the gradient linearity requirement in the DSV, however, the dense winding pattern near the boundary (return path area) are often produced. To make it feasible for the engineering application, we proposed a modulation function ( ) f r′ to improve the above regularization result. The function is constructed with a polynomial expression of the 1D stream function distribution curve (se Fig.3-b) . After selection of a number of control points (1), (2) 
It is effective to consider the stream function in the centerline along for the determination of function ( ) y ρ for the whole region. Then error function E to be minimized can be constructed as follows
in which U is the total number of the constrain points, ( ) 
III. RESULT
Using the design algorithm outlined in section II, a representative example-biplanar transverse gradient x-coil is considered here. In terms of design specification, the distance of the two planar coils is 0.5m, and the radius of the coil disk is 0.43m, and the targeted imaging size is 0.38m and the gradient strength is 6.25mT/m with ±5% errors. More importantly, the wire spacing is required to be no less than 5mm.
In the design, the coil space is evenly meshed and 100 nodes along radial and azimuthal direction, respectively. The DSV spherical surface is sampled as shown in Fig.2 . Figure 3 shows the primary regularization result with (a) the gradient homogeneity in the imaging region, (b) the 1D stream function distribution in the centerline, (c) the stream function distribution in the coil region with contour lines. From Fig.3(d) , it is easy to be seen that the closed wire spacing near the boundary region, which corresponds to the rapid change of the stream function value on the coil boundary as shown in Fig.3(b) .
To improve the solution, we then modulated the stream function in the azimuthal direction with the following function 
The modulated resolution is depicted in Fig.4 , and we can see that the modulation is effective in terms of spacing near the boundary and 5mm wire-wire is realized as shown in the Fig.4(d) . We note that the gradient linearity is still within the design specification as shown in Fig.4(a) .
IV. DISCUSSION AND CONCLUSION
In this paper, we proposed a novel gradient coil design method using the well-known finite difference scheme. The finite difference method is very easy to be implemented and not limited to regular geometry, and offers potential to explore more complex shape coils design. To make the coil feasible for practical applications, we also developed additional modulation method to solve the wire spacing problem near the return path area, and the design example demonstrated the performance of the combined schemes. In the future, we will continue to improve the performance of the proposed design algorithm and apply it for more complicated geometries with further engineering constraints, such as minimal inductance, power dissipation and torque/force, etc.
